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Abstract—A simplified model of the Stirling engine is 
developed for the study of grid-connected variable-speed 
operations of dish-Stirling (DS) solar-thermal power plant. The 
model relates the average values of the engine state variables 
and also takes into account engine losses, the variations of 
heater temperature and total mass of the working gas in the 
engine cylinder. The improved model is compared with the 
existing models and the new model is shown to be more 
suitable for grid-related studies and control system design. 
Keywords—Stirling engine; modeling; dish-Stirling 
NOMENCLATURE 
Symbol 
D derivative operator d/dϕ 
I solar insolation (W/m2) 
M total mass of working gas in the cylinder 
(kg) 
P power (W) 
Q heat (J) 
R gas constant [m3·Pa/(K·kg)] 
T Temperature (K) 
V, v volume (m3) 
W Work (J) 
gA mass flow rate (kg/s) 
m mass of the working gas (kg) 
p pressure of the working gas (Pa) 
α initial crank angle (rad) 
γ specific heat ratio 
ϕ crank angle (rad) 
ω rotational speed (rad/s) 
 
Subscript 
c compression space 
cl clearance 
ck compression space – cooler space 
con concentrator 
e expansion space 
h Heater or thermal input 
he heater – expansion space interface 
k cooler 
kr cooler – regenerator interface 
m mechanical  
r regenerator 
rec receiver 
rh regenerator – heater interface 
sw swept space 
I. INTRODUCTION 
Stirling engine is a closed-loop external combustion 
engine. It operates by cyclic expansion and compression of a 
working gas such as hydrogen or helium at different 
temperature levels. Recent application of dish-Stirling (DS) 
solar-thermal generating system is of great interest as its 
attributes of high efficiency and no harmful gas emission 
make it a suitable technology for future power supply [1, 2].  
To study DS solar-thermal generating system, suitable 
models of the kinematic Stirling engine are required. Various 
analytical methods have been used to develop detailed 
models, wherein the internal thermodynamics are 
represented. See e.g. [3-5]. However, using the detailed 
models in power system-related studies may be problematic. 
The main purpose of these detailed models is for the design 
and optimization of engine performance. High-frequency 
cylindrical motions of the internal variables in Stirling 
engine are of no interest for most grid-related studies, in 
which the Stirling engine is considered as part of the prime 
mover which provides mechanical power for the electrical 
generator. The detailed thermodynamic models consist of 
many high-order nonlinear and discontinuous differential 
and algebraic equations and they require small step size (e.g. 
2 µs) to yield accurate solutions [6]. The required step size is 
incompatible with many electromechanical power system 
studies and would incur heavy computational load. Besides, 
detailed models are boundary-value problems, the solution of 
which can only be obtained by assigning arbitrary initial 
conditions. By incorporating the simulation program of 
Stirling engine into the power system model, the solution 
may not even converge. Another noticeable drawback of the 
detail models is that in the context of model-based design of 
control system, the detailed models are so complex that  they 
cannot reveal dynamic characteristics of Stirling engine. 
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Thus very often, the design of the control system is based on 
empirical methods. 
In [7], an average-value model of Stirling engine is 
derived based on the most-referred ideal adiabatic model for 
conventional constant-speed DS system. The DS acts as the 
prime mover of a squirrel-cage induction generator. From the 
steady-state analysis, [7] reveals that variable-speed 
operation of the DS system has the potential to extract more 
power for given solar insolation. In view of this observation, 
an improved DS model shall be developed in this paper. 
II. EXISTING MODELS
A. Original Ideal Adiabatic Model 
A widely accepted model based on ideal adiabatic 
analysis is most referred in the literature on Stirling engine 
analysis. The engine is configured as a five-component 
serially connected model. These five components are called 
compression volume (c), cooler volume (k), regenerator 
volume (r), heater volume (h) and expansion volume (e). 
Working gas in the cooler and heater volumes is maintained 
under isothermal conditions at the temperature Tk and Th 
respectively. The regenerator matrix and the gas in the 
regenerator valid volume have the identical linear 
temperature distribution, the gas flowing through the 
regenerator/cooler interface being at the cooler temperature 
Tk, and the regenerator/heater interface at the heater 
temperature Th. The working spaces are assumed to be in the 
ideal adiabatic condition, and thus the temperatures Tc and Te 
will vary over the cycle. The schematic diagram and 
temperature distribution are shown in Fig. 1 [8]. 
Fig. 1. Ideal adiabatic model. 
B. Ideal Adiabatic Model Considering Temperature and 
Mass Variation 
In deriving the original ideal adiabatic model, the heater 
temperature Th and the total mass of the working gas M are 
assumed unchanged. However, as solar insolation is time-
varying, the imbalance of the thermal power would cause 
temperature variations. An effective power regulation 
method is via adjusting the mean pressure of the working 
gas by supplying and dumping the working gas using a 
valve system: it will change the total mass of the working 
gas. Considering varying Th and M, a modified model based 
on adiabatic analysis was given in [9]. Relevant equations 
needed for deriving an improved average-value model 
include: 
Volume equations for sinusoidal volume variations: 
0.5 [1 cos( )]e cl sw ev V V       (1) 
D 0.5 sin( )e sw ev V     (2) 
Mass flow equations: 
D D /
D D e ehe rh h e
he
p v v p
gA gA m m
RT

    (3) 
D (D / D / )h h h hm m p p T T  (4) 
Pressure equation: 
2 2
D D DD
D
D
k c e h hr r
ck ck he r h
c k h er
ck k r h he
T v v V TV T
R M p
T T T T T
p
v V V vV
T T T T T
 

 
    
 
 
    
 
(5) 
0Dp pd p  (6) 
Heat and work equations: 
D = D ( )h vh p rh rh he he
V c
Q p c T gA T gA
R
   (7) 
D (D D )c eW p v v  (8) 
C. Average-Value Adiabatic Model 
In [7], a normalized average-value model of the Stirling 
engine has been derived based on ideal adiabatic analysis. 
The relevant expressions are 
1
2
( ) 1
( )
( ) 1
h se
h h m
mean se
Q s T s
G s K
p s T s


 


(9) 
3
( ) 1
( )
( ) 1
m
m m m
mean se
P s
G s K
p s T s
 

(10) 
The overbar “¯” is used to indicate the normalized or 
per-unit quantities. Notice the gains of (9) and (10) are 
functions of the engine speed m , which is assumed to be 
constant. Moreover, the rate of change of the temperature is 
assumed to be much slower than that of the pressure, i.e. 
DT/T << Dp/p. These assumptions may not be valid for the 
variable-speed operations of the DS. Thus, in the next 
section, an improved average-value model of the Stirling 
engine for variable-speed operation will be developed. 
D. Multivariate Polynominal Representaion of Losses 
The steady-state values of the mechanical power and 
absorbed heat from ideal adiabatic analysis are directly 
proportional to the product of the engine speed ωm and mean 
pressure pmean. In practice, due to the thermal and frictional 
losses, input and output powers will deviate from those 
calculated from the ideal adiabatic analysis. The steady-state 
losses can be categorized into three groups, based on the 
manner by which the losses vary with ωm and pmean. These 
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Fig. 2. Original and approximate waveforms of the instantaneous pressure. 
are represented by two new parameters ˆ mK  and ˆ hK to
replace mK  and hK  in (9) and (10) of the average-value 
model, respectively. Mathematically, 
1 1
1 1
0 0
ˆ i j
h ij mean m
i i
K a p  
 
 (11) 
1 2
1 1
0 0
ˆ i j
m ij mean m
i i
K b p  
 
 (12) 
where aij and bij are the multivariate polynomial coefficients. 
III. IMPROVED AVERAGE-VALUE ADIABATIC MODEL
A. Input Heat 
Substituting (4) into (3), and using the ideal gas equation, 
one can obtain 
2
D D Dh hrh e h
h h
V V
gA m p p T
RT RT
   (13) 
where the third term on the RHS of (13) is ignored in [7] by 
assuming DT/T << Dp/p. Keeping this term, substituting (13) 
into (7) and assuming Trh = Th, one then can have 
DD
D D D ( D )p p h hh h p h e e e
h
c c V Tp
Q V p c T m p v v p
R R T
      (14) 
In the double-acting kinematic configuration of Stirling 
engine, four cylinders are inter-connected to achieve higher 
power and smoother output power. The upper expansion 
space of one cylinder is connected to the lower compression 
space of the adjacent cylinder. Each piston moves in pure 
sinusoidal reciprocating motion with 90° phase difference 
between the adjacent pistons. From (14), the total heat 
absorbed by the four cylinders can be expressed as 
4 4 4
, , ,
1 1 1
4 4
,
, ,
1 1 ,
D D D D
DD
( D ) ( )
h total h i h i p h e i
i i i
p p h h ii
i e i e i i
i i h i
Q Q V p c T m
c c V Tp
p v v p
R R T
  
 
   
  
  
 
 

① ②
④③
(15) 
where the subscript i = 1~4 indicates the cylinder number. 
To simplify (15), the following assumptions are made: 
(1) The temperature distribution in the absorber/heater head 
is uniform, i.e. Th,i = Th, DTh,i = DTh; (2) Temperature 
variation is much smaller than its nominal value, thus 
,maxh hT T ; (3) The mean pressure value is equal to the 
averaging of the four instantaneous pressure values, i.e. 
4
1
1
4mean ii
p p

   and thus
4
1
1
D D
4mean ii
p p

  ; (4) The
temperature of the expansion space is approximately equal 
to the heater temperature, i.e., ,e i hT T , ,D De i hT T . 
The expressions of pi, Dpi, ve,i, Dve,i and Dme,i are given 
in the original ideal adiabatic model. However, from (5) and 
(6) it can be seen that the expressions of the instantaneous 
pressure p and its derivative Dp are very complex and thus 
are not easy to use. From observation of the waveforms of pi, 
as shown in Fig. 2, it would be seen that it is quite 
sinusoidal. Ignoring its second and higher order components, 
denoting the magnitude and phase of the fundamental 
component of pi as Δpi and θ, the average value of pi as pi, 
then, one can approximately express, pi as 
,cos( )i i i c ip p p        (16) 
As shown in [6], Δpi is proportional to pi. Thus, pi can be 
further rewritten as 
,[1 cos( )]i i c ip p b        (17) 
where b and θ are assumed to be constant. The values of b 
and θ can be estimated using Schmidt method from the 
dimension of the cylinders and the working gas temperature 
[10]: 
2 2( cos ) ( sin )
2
sw h c k h c
h k
V T T T
b
T T K
  
 (18) 
1 sintan
cos 2
h c
h c k
T
T T
 


    
 
(19) 
where 
/ / / / /k k r r h r d k d hK V T V T V T V T V T    
with Vd = Vcl + 0.5Vsw. Using the parameters of Stirling 
engine given in [9] as example, b = 0.2, θ = 2.8385 rad 
(162.64°). However, (18) and (19) are based on isothermal 
analysis, while in the adiabatic analysis, the mean value of 
the expansion space temperature is not the same as the 
heater temperature [6]. Thus, to obtain b and θ, Th and Tk 
should be replaced with the mean values of Te and Tc 
respectively. As a result, b = 0.22, θ = 2.8089 (160.94°). 
The original and the approximate waveforms of the 
instantaneous pressure are shown in Fig. 2, together with the 
volume of compression space. 
Differentiating (17) with respect to crank angle ϕ gives, 
, ,D sin( ) [1 cos( )]Di c i i c i ip b p b p             (20) 
With (17), (20), (1) and (2), one obtains 
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, 1 1,D ( )Di e i i ip v V V p   (21) 
, 2 2, 3 3,D ( ) ( )De i i i i i iv p V V p V V p     (22) 
, 4 4,( )Di e i i ip v V V p   (23) 
where V1 = −V2 = −0.25Vswbcosθ, V3 = V4 = Vd + 
0.25Vswbsinθ and 1,iV  2,iV  3,iV  and 4,iV  can be expressed as 
linear combination of sinθ, cosθ, sin2θ and cos2θ. Since the 
adjacent piston has 90° phase difference, it can be shown 
that 
4 4 4 4
1, 2, 3, 4,
1 1 1 1
0i i i i
i i i i
V V V V
   
          (24) 
Thus, using (21)−(24) and assuming pi = pmean, one can 
obtain  
4
1
D 4Di mean
i
p p

 (25) 
4
, 1
1
D 4i e i mean
i
p v V p

 (26) 
4
, 1 3
1
D 4 4 De i i mean mean
i
v p V p V p

   (27) 
4
, 3
1
4i e i mean
i
p v V p

 (28) 
Using (26) and (27), ○3  in (15) can be expressed as 
4
, , 1 3
1
44
( D D ) Dvi e i e i i mean mean
i p p
cR
p v v p V p V p
c c


   (29) 
○4  in (15) can be readily evaluated as 
4 4
,
1 1, ,max
D D Dh i h h
i i mean
i ih i h h
T T T
p p p
T T T 
   (30) 
Finally, when ○2  in (15) can be evaluated in the 
following way. Since 
, , , ,
, 2
,
D D D
D D( )i e i i e i e i i i e i he i
e i h h h
p v p v v p p v T
m
RT RT RT RT
    (31) 
Thus, 
4 4 4 4
, , , ,2
1 1 1 1
D1 1
D D D he i i e i e i i i e i
i i i ih h h
T
m p v v p p v
RT RT RT   
       (32) 
Substituting (26)−(28) into (32), it yields 
4
3 3
, 2
1
4 4
D D De i mean mean h
i h h
V V
m p p T
RT RT
  (33) 
Then substituting (25), (29), (30) and (33) into (15), and 
assuming Th = Th,max, one obtains 
 
, 1 3 3
,max
D 4 4( )D 4( ) Dp meanh total mean h mean h h
h
c p
Q V p V V p V V T
RT
     (34) 
B. Output Work 
Similarly, the expression of mechanical power can be 
derived as 
D 2 sin( 0.75 )total sw meanW b V p   (35) 
C. Mean Pressure vs. Total Mass Relationship 
The mean pressure of the working gas is proportional to 
the total mass of the working gas [10], i.e. 
mean pp K M (36) 
where the coefficient Kp is expressed as 
/ (1 ) 1
1p
R b b
K
K b
 


(37) 
Kp can be seen as constant when the temperatures are 
near the normal operating values. 
D. Normalization of the Model 
The base values used to derive a normalized model are 
 pbase = pmax, the maximum mean pressure;
 mbase = Mmax, the total mass of the working gas when
the pressure is maximum;
 Tbase = Th,max, the maximum temperature of receiver;
 ωbase = ωm,N, the nominal engine speed;
 Pbase = Pm,N, the generated nominal mechanical power.
In doing so, the per-unit mean pressure would be equal 
to the per-unit total mass of the working gas, i.e. 
meanp M (38) 
Considering (38) and applying the above base values to 
(34) will lead to, 
, max
1,
, ,
3 3
D 4
D [
( )D ( ) D ]
h total
meanh total
m N m N
p mean
h mean h h
Q p
Q V p
P P
c p
V V p V V T
R
 
   
(39) 
Converting (39) into time-domain expression, yields 
 , ,D
h
h adi h mean m meanh total
dTd
Q Q K p AgA Cp
dt dt

     (40) 
where 
max , max
1 3
, ,
4 4
     ( )m Nh h
m N m N
p p
K V A V V
P P

   
max
3
,
4
( )   
1
p mean
h
m N
cp dpdM
C V V A gA
P R dt dt


    

Similarly, the expression of mechanical power can be 
derived as 
, ,m adi m adi m m mean mP K p    (41) 
where. 
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max , ,( / ) 2 sin( 0.75 )m m N m N swK p P b V   
In the steady state, the thermal efficiency of the Stirling 
engine can be obtained as: 
,
,
2 sin( 0.75 )
1 tan
cos
m adi m mean m
adi
h mean mh adi
P K p
K pQ
  
 
 

    

 (42) 
Two first-order filters with time constant Tse2 and Tse3 
will be used for the averaging effect when determining the 
average values of the absorbed heat hQ  and mechanical 
power mP  respectively. The losses effects can be 
represented using the methods introduced in Section II.D. In 
the following context, the overbar “¯” used to indicate the 
normalized quantities will be omitted.  
IV. MODEL VALIDATION AND CASE STUDY
A. Solution of Ideal Adiabatic Models 
Sample waveforms of the instantaneous pressure, rate of 
change of pressure, input heat transfer rate and output 
mechanical torque are shown in Fig. 3. The initial pressure 
p0 of the four cylinders is set to the maximum (1.0 p.u.) and 
the initial mass in each compression space mc0 is zero. 
From Fig. 3, it can be seen by selecting arbitrary initial 
conditions, the system would reach the cyclic steady state in 
about four cycles. However, the initial absorbed heat is very 
large and the mechanical torque is negative. In the 
simulation of power system related studies, such unrealistic 
initial setting of the power of prime mover would lead to 
unexpected results. Besides, it can be seen that the aggregate 
heat and torque from the four units are quite smooth. Thus, 
only the mean or average value of the Stirling engine 
variables would affect the external electrical system. The 
major concern of such system study is on variables which 
have major impacts on the generated power and thermal 
efficiency, rather than the internal thermodynamic behaviors 
of the Stirling engine. 
B. Transient Response under Constant Heater Temperature 
In order to validate the developed model, simulation 
under various step input changes shall be carried out using 
the developed model and the results are compared with 
those obtained using the existing DS models. 
The detailed model and average-value models can be 
considered as four-input system. The inputs are engine 
speed ωm, net mass flow rate gA, heater temperature Th and 
the rate of change of the heater temperature dTh/dt. Heat 
transfer process between the heater and absorber of the 
Stirling engine, which determines the variation of the heater 
temperature, is not fully represented in the models. Thus, in 
this initial attempt, the heater temperature is assumed to be 
constant. Under this condition, responses to step changes of 
the engine speed and that of the total mass flow rate of the 
working gas are shown in Fig. 4. 
In Fig. 4 (a), at t = 0.1 s, the engine speed decreases 
from 1.0 p.u. to 0.6 p.u. In Fig. 4 (b), at t = 0.1 s, the net 
mass change rate gA = dM/dt of the total mass increases 
from 0 p.u./s to 10 p.u./s and then returns back to zero after 
0.01 s. This causes a fast ramp change of M and thus the 
mean pressure pmean of the working gas. From the 
observation of the waveforms of the output power and input 
heat, it can be seen that the improved average-value model 
has closer steady-state and dynamic response to the step 
change of engine speed and mean pressure of working gas 
than the average-value model proposed in [7]. 
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Fig. 6. Simulation results for model comparison. (a) Small change on engine 
speed. (b) Large change on engine speed. 
C. Comparison with Temperature Control 
To consider variable heater temperature, the model of the 
dish and receiver/absorber is now included along with the 
conventional temperature control system.  
The heat transfer and power conversion dynamic of the 
dish and receiver/absorber can be modeled in s-domain as [7] 
[ ( ) ( )]
( )
1
rec con a h
h
rec
K K I s T Q s
T s
T s
 



(43) 
where the absorber temperature Th is considered as uniform 
in the whole space of the absorber walls and is the average 
temperature of the working gas in the heater tubes of the 
Stirling engine. Ta is the normalized ambient temperature. 
Kcon, Krec and Trec are constants whose values depend on the 
characteristic of the absorber material. 
Double-loop feedback temperature control with inner 
mean pressure control (MPC) loop and outer temperature 
loop with droop characteristic are commonly used in DS 
study. The block diagram of the DS control system is shown 
in Fig. 5. 
In Fig. 6 (a), the engine speed drops from 1.0 p.u. to 0.9 
p.u. at t = 1.0 s. While in Fig. 6 (b) engine speed drops to 
0.6 p.u. It can be seen that the improved average-value 
model presented in this paper is more accurate than the 
model described in [7] because under larger speed variation, 
the assumption of constant speed operation is no longer 
valid. 
V. CONCLUSIONS 
This paper extends a recently proposed average-value 
model of Stirling engine to include situations of fast 
variations of temperature and speed. From simulation 
studies, the developed Stirling engine model is shown to be 
more suitable for use in power system study and in the 
design of control system for variable speed operations of the 
DS system. 
APPENDIX 
Simulation parameters: Vsw = 95 cm
3, Vcl = 10 cm
3, Vh = 
33.08 cm3, pmax = 20 MPa, Th,max  = 1033 K, Imax = 1000 
W/m2, Pm,N = 27 kW, ωm,N = 190.63 rad/s, a00 = 0.048, a10 = 
0.072, a01 = 0.214 a11 = 2.264, b00 = −0.038, b10 = −0.072, 
b01 = 0.055, b11 = 1.21, a02 = −0.026, a00 = −0.13, A = 
−0.2735, C = 0.8752, Tse2 = Tse3 = 0.005 s, Kcon = 1.756, Trec 
= 13.436 s, Krec = 2.865, Ta = 0.288, Kv = 1.0 Tv = 0.02 s, Gp 
= 25, Dp = 0.043. 
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